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FLOER HOMOLOGY AND EXISTENCE OF 
INCOMPRESSIBLE TORI IN HOMOLOGY SPHERES 

EAMAN EFTEKHARY 



Abstract. We show that if a prime homology sphere has the same 
Floer homology as S^ it does not contain any incompressible tori. 



1. Introduction 



f— ( ' Heegaard Floer homology, introduced by Ozsvath and Szabo in jOSlj, 

r^ i has been the source of powerful techniques for the study three dimensional 

manifolds. It is shown in |0S3] that if a three- manifold obtained by a 1/n- 
surgery on a knot K C S^ has the Heegaard Floer homology of S^ , it should 
be homeomorphic to 5"^ and the knot would be trivial. A generalization of 
this theorem is the subject of the following conjecture: 



Conjecture. // for a homology sphere Y , the Heegaard Floer homology 
package (including the groups and their grading) is isomorphic to the Hee- 
psj I gaard Floer homology package of the sphere S"^, Y is homeomorphic to S^. 

cn 

In this paper we will prove the following theorem, which has an interesting 
^ I corollary supporting the above conjecture. 

OO , Theorem 1.1. If Ki is a non-trivial knot in the homology sphere Yi for 

i = 1,2, and Y is obtained by splicing the complements of Ki and K2, the 
rank ofY{F(Y]'L/2'L) will be bigger than one. 



Corollary 1.2. If the prime homology sphere Y contains an incompressible 
C^ \ torus, then the rank of Heegaard Floer homology group HF(y) is bigger than 

one. 

Proof. Suppose otherwise that there is an incompressible torus T in a 
three-manifold Y with HF(y;Z/2Z) = Z/2Z, and denote the complement 
of T by C/i U f72- There are unique (up to isotopy) simple closed curves Aj on 
T, i = 1, 2, such that the image of Aj in the first homology of C/j is trivial. 
Since y is a homology sphere, these two curves will generate the homology 
of T, and we may assume that they intersect each-other transversely in a 
single point. Attaching a disk to A2 in the boundary of Ui and capping with 
a ball, we obtain a new homology sphere Yi. Similarly, we can construct 



Key words and phrases. Floer homology, splicing, incompressible torus. 

1 



2 EAMAN EFTEKHARY 

a homology sphere Y2 from U2- The curve Aj will determine a knot Ki in 
li, and Y is the three-manifold obtained by splicing the complement of Ki 
to the complement of K2. The previous theorem implies that at least one 
of the two knots, say Ki, should be the trivial knot in the corresponding 
three-manifold. This means that Y is obtained from Y2 by a surgery on K2, 
followed by taking connected sum with Yi. Since T is an incompressible 
torus and Ki is the un-knot in Yi , Yi is not S^ and Y is not prime. D 

The main ingredient of the proof is a gluing formula for the Heegaard 
Floer homology of the three-manifold obtained by splicing the complements 
of the two knots Ki and K2 which was established in |Ef2l IEf4j . This for- 
mula, along some other surgery results are quoted in section 2. 



2. Splicing knot complements and surgery 

Let K C X denote a null-homologous knot inside a three- manifold X. Let 
Xp/ij = Xpiq{K) denote the result of p/g-surgery on K, and let Kpj^ C ^p/g 
be the knot in ^p/q which is the core of the neighborhood replaced for 
nd[K) C X in forming X^j^. Let 

Hp/g = Ilp/,(K) := HFK(Xp/g, Kp/,; Z/2Z), 

and denote the rank of this group by /ip/^ = hp/g(K) = h{Kp/q) and the 
rank of HF(Xp/g;Z/2Z) by yp/g = yiXp/g). 

In |Efl| we established a surgery formula for Heegaard Floer homology. As 
a corollary, we have given a relatively simple formula for HFK(X„(i^), /C„; s) 
for s G Spin'^(X, K) = Z. The result was the following corollary: 

Corollary 2.1. Suppose that K is a knot inside a homology sphere X and 
M is the complex CF(X, Z/2Z) together with the structure of a filtered chain 
complex induced by K . Let IB{> s} denote the sub-complex generated by 
those generators whose relative Spin'^ class in "L = Spin'^(X, K) is greater 

than or equal to s € Z. Then the homology group HFK(X„(i^), i^„; s; Z/2Z) 
are isomorphic to the homology of the following chain complex 



Cn{s) = (b{> s - n} ^ B ^ B{> -s} 



We have also shown that that the differential induced on B{s} from B 
may be assumed to be trivial when the coefficient ring is a field. We will 
assume that this is the case in the rest of this paper. 

Let G be a directed graph with vertices V{G) = {vi,...^Vn} and edges 
E{G) = {ei, ...,em}, and let i{v) and t(e) in V{G) be the initial and termi- 
nal point of the edge e E E{G). For v G y{G) let W^ be a given vector space 
over Z/2Z and for e € E(G) let fe : VFj(e) — > W^t(e) be a given homomorphism 
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between vector spaces. This data will be encoded in a diagram with the vec- 
tor space Wv placed at the vertex v oi G and the homomorphism fe placed 
on the directed edge e of G. Let W = ®veV{G)Wv and \et Fe : W ^ W be 
the trivial extension of fe to all of W. Let d = Fe-^ + ... + Fe^ be the sum 
of these maps. If do d = 0, we will refer to the homology group H^(W, d) as 
the homology of the diagram G. 



Under the identification of Eli(i^) with the homology of the direct sum 



of mapping cones Ci(s), two maps 
defined. Namely, we may identify (j. 



h and (/> from Mi{K) to Moo{K) may be 
and (j) as the maps induced by 



>s 



1} 



B{> s} 
l{> -s} 



l{s} = RFK{X,K;s), 
l{-s}^BFk{X,K;s) 



and 



respectively. For a fixed relative Spin'^ class s £ Spin'^(y, K) = Z, the 
complexes Co(s) and Cq{s — 1) are both sub-complexes of Gi{s) in a natural 
way. These two inclusions give rise to two maps tpjip : IHIo(-fir) — >■ IHIi(i^) so 
that ipo(l) = ipo(f) = 0. The following theorem was proved in |Ef21 IEf4] : 

Theorem 2.2. Suppose that (Yi,Ki) and (12, ^"2) <ire two given knots in- 
side three-manifolds Yi and Y2 and let (j)^,(j) , V'* o,nd ip he the corresponding 
maps for Ki, i = 1,2. Let Cu = Cu{Ki, K2) denote the following cube of 
maps: 




where H^^, = M^{Ki) ® M,{K2). Then the Heegaard Floer homology of 
the three-manifold Y , obtained by splicing knot complements Yi — K\ and 
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Y2 — K2, is given by 

HF(y;Z/2Z) =H^{Cu), 
where -fr*(Cu) denotes the homology of the cube Cu. 

The next result we would like to quote from |Ef3] is the following surgery 
formula which describes HF(Xp/g,Z/2Z): 

Theorem 2.3. With the above notation, HF(Xp/q;Z/2Z) may be obtained 
as the homology of the complex (M, d) such that 

q p+q . . P 

0MooW) e (01H[i(i)j e (0IHo(i 

j=i j=i j=i 

where each lHI,(i) is a copy o/H,. Moreover, the differential d is the sum of 
the following maps 



"■00 



(i)^BIi(i), (/> :Moo(f)^Mi(i + p), z = l,2,..,g 

V'^':lIi(j + (7)^]HIo(i), ?:Mi(j)^]HIo(i), j = l,2,...,p, 

where (jf is the map (j) corresponding to the copy Moo{i) ofM^o, etc.. 

We will need to compare these surgery formulas with surgery formulas of 
Ozsvath and Szabo ([DSH]). Let 21^ denote the sub-complex of CFK°°(y, K) 
generated by those generators [x, i, j] such that i{x) +i—j = s and such that 
max(i,j) = 0. Here z(x) denotes the relative Spin'^ class in Z = Spin'^(y, i^) 
associated with the generator x. The complex 21^ has two quotient com- 
plexes, one corresponding to [x, i,0] with i < and i(x) = s — i > s, and 
the other one corresponding to [x, 0,j] with j < and i[x] = s + j < s. 
The first one may be identified with M{> s} and the second one may be 
identified (via a duality isomorphism) with M{> —s}. Both these quotient 
complexes are in fact sub-complexes of B. The quotient map followed by 
the inclusion gives two maps kg and Vg from the homology group Ag of 21^ 
to the homology group H of B. One corollary of the result of Ozsvath and 
Szabo is the following: 

Proposition 2.4. If K is a knot inside the homology sphere X which has 
genus g = g{K), the homology group HF(Xi(X)) may be computed as the 
homology of the following diagram 





Moreover, when n > 2g is a given integer, for any integer — n/2 < s < n/2 
we may identify HF(X„(K), [s]) with Ag, where [s] denotes the class of s in 
Z/nZ. 
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We would like to examine the implications of the assumption i7*(Cu) 
Z/2Z in the rest of this paper. 

3. Computing the homology of EI 
The differential of the complex 



CU: 



^1,1 



^1,0 



110,1 



e 



il,oo 



has the following block form ID 
following matrices respectively 

f I(g}(t)2 4>i(E)I rJi (g) r/2 \ 


Vi «) ^ 

10^2 J 



Di 

©2 



ioo,i e Hi,i e Mo,o) 

, where 5)i and 2)2 are the 



and 








/(g)V2 





_ o_ \ 

V'l «"A2 





d; 



R{xi,X2,Zi,Z2) 



f <t>i^ 

/(g) 

/ 
\ 

The rank of the homology of Cu may be computed as |Cu| — 2.rnk(X') = 
|Cu| — 2(rnk(2)i)+rnk(S)2))- We would like to give upper estimates on the 
ranks of Si and ^2- The rank of ^2 is |IHIi^i|+rnk(2)2)) where 2)2 is the 
matrix 

V'2 + f^i "8 V'2 r]i(g) I 

I ®rj2 1pi®(t)2+^l®(t)2 

It is easy to see that if Xi G Ker(^j) and yi = ipi{zi) G Ker(0j) are given 
the vector 

V'l(^l) «)X2 
Xl ^'ip2{z2) 

is in the kernel of 2)2. Moreover, for arbitrary Xi € Mo(Ki) we have the 
vector R(xi,X2,xi,X2) in the kernel of 1)2. This implies that the size of the 
kernel of 2)2 is at least equal to 

|Im(^i)|.|Ker(V'2)| + |Ker(V^i)|.|Im(V'2)| + |Im(V'i)|.|Im(V'2)| 

= |Mo,o|-|Ker(^i)|.|Ker(^2)|. 

Consequently, the rank of 2)2 is at most equal to 

|Ho,i| + |]Hi,o| - |]Ho,o| + |Ker(V^i)|.|Ker(V^2)|. 

The rank of the first row of 2)i is at most iHo^ol) while the last two rows will 
have a rank which is at most |]HIoo,oo| — |Ker(^i)|.|Ker(^2)|- So the rank of 2) 
will be at most equal to |]HIo,i| + |IHIi^o| + |EIoo,oo| — |EIo,o|- We have considered 
the row-rank of the matrix 2) in the above considerations. If we consider 
the column rank and repeat the same argument we obtain that rnk(2)) is at 
most equal to |]HIoo,i| + |EIi^oo| — |EIoo,oo| + |EIo,o|- This implies that the rank 
of the homology of EI is at least equal to 



P, 



00,00 



+ |IHo,i| + |Mi,o| 



lloo,l| 



^l,oo| 



Po,, 
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Since the term inside the absolute value function is an odd number, the rank 
is bigger than one, unless 

|Hoo,oo| + Pcil + |]HIi,o| - |]Hoo,i| - |IHIi,oo| - |Ho,o| = ±1. 

Without loss of generality, we will assume that this value is equal to +1. 
This implies that 

rnkCSs) = |Mo,i| + |Mi,o| - |Mo,o| + |Ker(Vi)|.|Ker(^2)|, 

rnk(Di) = jMoo.ool + |Ho,o| - |Ker(Vi)|.|Ker(V'2)| 



In an appropriate basis for H, (Ki 



1,2, • G {0, 1, oo} the maps (pi, (p^, ipi, 



and Tpi have the following matrix block presentations: 



, i^i 



If the second equality above is satisfied, the matrices Dj, i = 1, 2 and Mj, i = 
1, 2 should be full-rank (if either of Di is not full-rank, the first row of Si 
will not be of full rank, and if either of Mi is not full rank, the last column 
of Si will not be of full rank). Moreover, Di will be a tj x Si matrix with 
ti < Si and Mi will be a rj x tj matrix with ti < ri. Having in mind that the 
matrix multiplications (pi-ipi give zero for i = 1,2, we may assume that by 
further modification of the basis for the vector spaces IHI,(i^j), the matrix 
presentations of these maps are given by: 

I000\ _ / ai bi {. 

0/00, and (pi = I Ci di {_ 

0000/ Voooj 



V'i 





















/ 














/ 







and ipi 






-t 



The matrices Oj, 6^, q and di are of sizes ti x (r, — tj), tj x (sj — U), (ri — ti) x 

- ti) respectively, while the matrices mi,ni,pi 
{si - ti), (vi - ti) X ti, {si - ti) X {si - ti) and 



{ri - ti) and (r^ - ti) x {s 

and Qi are of sizes (rj — ti) 

{si — ti) X ti respectively. 

A vector in this block decomposition of the form 



/ / 


'hi ' 




/l2 " 


\ 


t 


/ 


hi ' 




" /i2 " 


\ 


*\ 






Ul 


® 


■W2 




+ 




Wi 





U2 






v 


\ 


Vl 









/ 




\ 







V2 




/ 


/ 



with rriiWi = piWi = is in the kernel of 2)2 if and only if 

{ciUi + diVi) (i^W2 = Wi^ {C2U2 + d2V2) = 0. 

Any non-trivial solution to these equations gives an element in the kernel 
which is not of the form considered previously. This quickly implies that at 
least for one of the two knots both j3i = (q di) and 7* = {m\ p\) are 
















Ti 











/ 



/ 











^i 



























T. 











/ 
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full-rank. Thus Oi = {ai hi) should be a multiple of /9j = (cj di) i.e. there 
is some matrix ei such that ai = ei.(3i. Similarly 0* = (n* g*) is a multiple 
of 7* = (m* pI), i.e. there some matrix 5i such that 9i = ^i.6i. As a result, 
there are full-rank matrices $i, Fj, ^j and T, such that, in an appropriate 
basis, the matrix block forms for the maps (f)i,(j)i,ipi^ and ipi are given by 



and 



respectively. Below, we will study the properties of a knot K inside a homol- 
ogy sphere X with the corresponding maps (p, (p, "0, and ip such that in appro- 
priate basis for M,{K), the maps (p, (p, ip and ip are of the above form for some 
full-rank matrices ^, ^, F and T with the property that $.^ = F.T = 0. As 
a first step, combining with theorem 12.31 we have the following corollary: 

Corollary 3.1. If{X,K) is as above then 

yp/^{X) := |HF(Xp/,)| = p{hi{K) - h^{K)) + q{h^{K) - h^K)). 

Proof. Suppose that in the basis where the maps have the above presen- 
tations, the groups M.,{K) have the following decompositions: 

Moo(i^) = A e M e 5, Ui{K) = A®H®B, and Uq{K) =A®L®B. 

Because of the form of the maps in this basis, the groups A and B do not 
have any contribution to the homology of the complex in theorem 12.31 Since 
the maps $,F : M ^ /7 are injective and the maps ^,T : H ^ L are 
surjective, it is implied that the contribution of the part corresponding to 
M,H, and L is p{\H\ - \L\) +q{\H\ - \M\). This implies the claim. D 

The asymptotic behavior of yn = Vn/i is like nyoo + c, for some constant 
c. As a result yoo = hi — ho. Denote /:f*(]B{»}) by E[{»}. 

Lemma 3.2. If {X,K) is as above, the map i : M{> s} -^ M, induced by 
inclusion, is surjective for s < 0. 

Proof. Since y„ = nyoo + c for all n, by proposition 12.41 the constant c may 
be computed as Esd^^l " PD- Thus yi = {YlU-g \^s\) - 2g\M\, where 
g = g{K) is the genus of K. It is implied that Im(/is)+Im(u<j_|_i) is all of 
H for each s. In particular, for s = — 1 the sum of images of EI{> 1} and 
IHI{> 0} under the map induced by inclusion is all of H. Since the image 
of the first one is included in the image of the second, z : IH(> 0) — > H is 
surjective. D 

For any element x in the complex B there is a largest value s = t{x) € Z 
and another element y € B such that x + dy G B{> s}. The function r 
is constant on the co-sets of Im((i). If [x\ € HI is represented by a closed 
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generator x G B{> r(a;)}, since r(x) > we conclude that (x,0, x) in the 
mapping cone 

IH{> r(x)} ^ M ^ EI{> -t(x)} 

will give a generator for IHIi(i^, t{x)) and its image under (j) in IHoo(^, t(x)) 
is the class of x in the quotient complex ]HI{t(x)} of ]B{> t(x)}. Moreover, 
if 2 = dx for some x G B and x € B{> r(x)} and z G B{> t(z)}, then 
r(z) > r(x) and (z,0,0) in 



M{> t(z)} 



M{> -t{z)} 



represents a non-zero class in the homology of this complex whose image 
under (/> is the class z in the quotient complex EI{t(z)} of B{> t{z)}. 
The above two observation identify a subset of lm(0) which is in correspon- 
dence with Ker((i* : Hoo —^ EIoo)- The size of this subset is (yoo + hoo)/2. 
We have hi + h^o — 2rnk(0) = ho = hi — t/oo- This means that what we have 
identified in Im((/)) is in fact all of the image of (j). 
For the element x E 1HI{> 0} in 



hiK,o) = hJm{>o} 



M{>0} 



the closed class (x,0, x) is mapped to [x] G IHIoo(O) by cj) and to t[x] by (p, 
where r is the duality map discussed earlier. This is in fact all of the image 
for both maps (p and by our previous observation. Since lm{(f))+lm{(f)) 
should cover all of Moo{K,0), which is an odd dimensional vector space, 
there should be some closed element x as above such that [x] = r[x]. Let Qi 
be the sub-complex of B[i{K, 0) generated by the element above and denote 
by Qoo the image of this element under and 0. Clearly, Qi is disjoint from 
Im(V')+Im(V'). So Qi and Q^o determine a component of the cube Cu which 
may be identified with the following diagram of maps 




Mo{Ki)(g) 



It is easy to check that the homology of this complex is the same as the 
homology of the mapping cone 



V'^^I + V 0r :Mo(Ki)(g)Q 



{Ki)0Q. 



iil^i 
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The rank of the homology of H is thus greater than or equal to {hi{Ki) — 
ho{Ki))\Q2\ (We already know that hi{Ki) > ho{Ki)). Consequently, 52 = 
\Q2\ = 1 and hi{Ki) = l + /io(-fCi). Similarly we have hi{K2) = l + /io(-?^2)- 
We remind the reader that this is the same as claiming yoo(^) = 1 for 
i = 1,2. 
We have seen before that the rank of the homology of H is at least equal to 

|x(Cu)| = ||Moo,oo| + |IHIo,i| + |]HIi,o| - |Moo,i| - |Hi,oo| - |Ho,o||. 

Since we know that hi{Ki) = hQ[Ki) + 1 this quantity may be written as 

|x(Cu)| = \{hi{Ki) - h^{Ki)){hi{K2) - h^{K2)) - 1|. 

Note that hi{Ki) — h^(Ki) is even. For x(Cu) to be ±1 the only possi- 
bility is the assumption that for one of the two knots, say for Ki, we have 
hi{Ki) = hoo{Ki). This implies that the values of ri, si are equal to ti + 1 
and ti respectively, i.e. the size of matrices $1 and ^i should be 1 x 1 
and 1x0 respectively. Since both ^i and Ti are full-rank, we should have 
<J>i = Fi = 1. We conclude that yoo = yi = 1 while yo = 2. 

Lemma 3.3. In the above situation, d* : M(s) -^ M{> s} is surjective for 
s > and has one dimensional co-kernel for s < 0. 

Proof. The complex giving Ag has an odd number of generators, so Ag is 
odd dimensional and non-trivial for each s. For 

9 9 

s=-g s=-g 

to be equal to 1, we should have Ag = Z/2Z for all s. Note that Ag is the 
homology of the mapping cone 

H{> s} ^ EI(s) ^^ EI{> -s] 

and for s < the term on the left-hand-side contains a generator which 
survives in the homology H of B (so is not in the image of d^). Thus 
the lemma follows for s 7^ once we note that the total homology of this 
mapping cone is Z/2Z. When s = 0, if d^ is not surjective, we will have 
non-exact elements of this mapping cone both on the right-hand-side and 
the left-hand-side. D 

We can now finish the proof of the following theorem: 

Theorem 3.4. If Ki is a non-trivial knot in a homology sphere Yi, i = 1, 2, 
and Y is obtained by splicing the complements of Ki and K2, the rank of 
HF(y) will be bigger than one. 

Proof. We have seen that if the rank of HF(y) is non-trivial, we obtain a 
knot K inside a homology sphere X such that the corresponding homology 
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groups As are all isomorphic to Z/2Z and consequently the above lemma is 
true. 

Let g = g{K) > and note that by lemma [321 the map d* : EI{— g(} -^ 
M{> —g} is injective. Denote the image of d^ by E and its domain by E'. 
Let E^ be the co-kernel of d^, in M.{> —g}, which should be isomorphic to 
Z/2Z. Note that Ai_g is isomorphic to the homology of the mapping cone 

M{> -g} = E(B E^ ^^^^^ E' = n{-g} ~ n{g}, 

where q is the quotient map from E[{> —g} to Hjl — g} and r is the iso- 
morphism between Hjl — g} and ]HI{g — 1}. We conclude that the map 
d'^ = d^ o T o q should be surjective. 

On the other hand, if doo denotes the differential of the complex CFK°°(X, K), 
from d^ = and the fact that Hjs} = for s < —g we may easily conclude 
that d'^ o d^ is trivial on E' = EI{— 5}. This means that d^ maps E surjec- 
tively to E' . This would mean that the homology of Ai_g contains S as a 
subspace, i.e. E and E' should be isomorphic to Z/2Z. 
Similarly, the vanishing of d^ and the vanishing of d^, on E imply that 
d* o d'^ is trivial on E-^. But d'^^{E^) = E' and d^{E') = E which is a con- 
tradiction. This implies that g{K) can not be positive, i.e. K is trivial D 
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